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REMARKS ON RAMANUJAN FUNCTION Aq(z)
RUIMING ZHANG
Abstrat. In this short notes we will derive an inequality for saled q
−1
-
Hermite orthogonal polynomials of Ismail and Masson, an inequality for saled
Stieltjes-Wigert, two inequalities for Ramanujan funtion and two denite in-
tegrals for Ramanujan funtion.
1. Introdution
Ramanujan funtion Aq(z), whih is also alled q-Airy funtion in the literature,
appears repeatedly in Ramanujan's work starting from the Rogers-Ramanujan iden-
tities, whereAq(−1) and Aq(−q) are expressed as innite produts, [2℄, to properties
of and onjetures about its zeros, [4, 5, 9, 14℄. It is alled q-Airy funtion beause
it appears repeatedly in the Planherel-Rotah type asymptotis [10, 15, 16℄ of q-
orthogonal polynomials, just like lassial Airy funtion in the lassial Planherel-
Rotah asymptotis of lassial orthogonal polynomials [22, 11℄. In our joint work,
[16℄, we derived Planherel-Rotah asymptoti expansions for the q−1-Hermite of
Ismail and Masson, q-Laguerre and Stieltjes-Wigert polynomials using a disrete
analogue of Laplae's method. We found that when ertain variables are above some
ritial values, the main terms in the asymptotis in the bulk ontain Ramanujan
funtion Aq(z), when the variables are below these ritial values, however, the
main terms in the asymptotis expansion in the bulk involve theta funtions.
In this paper we further investigate the properties of Ramanujan funtion Aq(z).
In 2 we introdue the notations and prove inequalities on Ismail-Masson polynomi-
als {hn(x|q)}∞n=0 and Stieltjes-Wigert polynomials {Sn(x; q)}∞n=0 . In 3, we derive
two inequalities for Ramanujan funtion Aq(z). We use the asymptoti formulas in
[16℄ to prove two denite integrals of Aq(z) in 4.
2. Preliminaries
In this setion and the next setion we will taitly assume that all the log and
power funtions are taken as their priniple branhes, unless it is stated otherwise.
As in our papers [15, 16℄, we will follow the usual notations from q-series [5, 8, 11℄
(1) (a; q)0 := 1 (a; q)n :=
n∏
k=0
(1− aqk),
[
n
k
]
q
:=
(q; q)n
(q; q)k(q; q)n−k
.
Thoughout this paper, we shall always assume that
(2) 0 < q < 1 t > 0,
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hene n =∞ is allowed in the above denitions. Then,
(3) 0 <
(q; q)n
(q; q)n−k
≤ 1
and
(4) 0 <
[
n
k
]
q
≤ 1
(q; q)k
for k = 0, 1, ..., n.
We will use the q-binomial theorem [5, 8, 11℄,
(5)
(az; q)∞
(z; q)∞
=
∞∑
k=0
(a; q)k
(q; q)k
zk
and the following limiting ases, also known as Euler's formulas,
(6) (z; q)∞ =
∞∑
k=0
qk(k−1)/2
(q; q)k
(−z)k, 1
(z; q)∞
=
∞∑
k=0
zk
(q; q)k
.
Ramanujan funtion Aq(z) is dened as [20, 11℄
(7) Aq(z) :=
∞∑
k=0
qk
2
(q; q)k
(−z)k.
2.1. Ismail-Masson Polynomials {hn(x|q)}∞n=0. Ismail-Masson polynomials {hn(x|q)}∞n=0
are dened as [11℄
(8) hn(sinh ξ|q) =
n∑
k=0
[
n
k
]
q
qk(k−n)(−1)ke(n−2k)ξ.
Ismail-Masson polynomials satisfy
(9)
∫ ∞
−∞
hm(x|q)hn(x|q)wIM (x|q)dx = q−n(n+1)/2(q; q)nδm,n
for n,m = 0, 1, ..., where
(10) wIM (x|q) =
√
−2q1/4
pi log q
exp
{
2
log q
[
log
(
x+
√
x2 + 1
)]2}
.
It is lear that their orthonormal polynomials are dened as
(11) h˜n(x|q) = q
n(n+1)/4√
(q; q)n
hn(x|q).
Let
(12) sinh ξn :=
q−ntu− qntu−1
2
,
and assume that
(13) u ∈ C\ {0} .
It is easy to see that
(14) wIM (sinh ξn|q) = wIM (sinh u|q)u−4ntq2n
2t2 .
It is also lear from (8) and (12) that
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(15) hn(sinh ξn|q) = unq−n
2t
n∑
k=0
[
n
k
]
q
qk
2
(
−q
n(2t−1)
u2
)k
.
Thus
|hn(sinh ξn|q)| ≤ |u|
n
qn
2t
n∑
k=0
qk
2
(q; q)k
(
qn(2t−1)
|u|2
)k
≤ |u|
n
qn
2t
∞∑
k=0
qk
2
(q; q)k
(
qn(2t−1)
|u|2
)k
,
or
(16) |hn(sinh ξn|q)| ≤ |u|
n
qn
2t
Aq
(
−q
n(2t−1)
|u|2
)
.
2.2. Stieltjes-Wigert Polynomials {Sn(x; q)}∞n=0. Stieltjes-Wigert polynomials
{Sn(x; q)}∞n=0 are dened as [11℄
(17) Sn(x; q) =
n∑
k=0
qk
2
(−x)k
(q; q)k(q; q)n−k
.
They are orthogonal respet to the weight funtion
(18) wSW (x; q) =
√ −1
2pi log q
exp
{
1
2 log q
[
log
(
x√
q
)]2}
,
with
(19)
∫ ∞
0
Sn(x; q)Sm(x; q)wSW (x; q)dx =
q−n
(q; q)n
δm,n
for n,m = 0, 1, .... The orthonormal Stieltjes-Wigert polynomials with positive
leading oeients are
(20) s˜n(x; q) = (−1)n
√
qn(q; q)n Sn(x; q).
In the ase of the Stieltjes-Wigert polynomials the appropriate saling is
(21) xn(t, u) = q
−ntu.
A alulation gives
(22) wSW (q
−ntu; q) = wSW (u; q)u−ntq(n
2t2+nt)/2.
Set x = xn(t, u) in (17) then replae k by n− k to see that
(23) Sn(xn(t, u); q) = u
nqn
2(1−t)
n∑
k=0
qk
2
(
− qn(t−2)u
)k
(q; q)k(q; q)n−k
.
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Thus,
|Sn(xn(t, u); q)(q; q)n| ≤ |u|
n
qn
2(t−1)
n∑
k=0
qk
2
(q; q)k
(
qn(t−2)
|u|
)k
≤ |u|
n
qn
2(t−1)
∞∑
k=0
qk
2
(q; q)k
(
qn(t−2)
|u|
)k
,
or
(24) |Sn(xn(t, u); q)| ≤
|u|nAq
(
− qn(t−2)|u|
)
(q; q)∞qn
2(t−1) .
3. Some Inequalities for Aq(z)
It is lear that
(25) n ≥ 1− q
n
1− q ≥ nq
n−1
for n ∈ N, then,
(26)
∣∣∣∣ (1− q)k(q; q)k qk
2
(−z)k
∣∣∣∣ ≤ (q |z|)kk!
for k = 0, 1, . . . and for any omplex number z. Applying Lebesgue's dominated
onvergent theorem we have
(27) lim
q→1
Aq((1 − q)z) = e−z
for any z ∈ C, hene Aq(z) is really one of many q-analogues of the exponential
funtion. From (26) we also have obtained the inequality
(28) |Aq((1 − q)z)| ≤ eq|z|
or
(29) |Aq(z)| ≤ eq|z|/(1−q)
for any omplex number z. For any nonzero omplex number z, then
|Aq(z)| ≤
∞∑
k=0
qk
(q; q)k
(
qk−1 |z|)k .(30)
For k = 0, 1, ..., the terms qk(k−1)|z|k are bounded by
(31)
( |z|√
q
)1/2
exp
{
− log
2 |z|
4 log q
}
.
Thus,
|Aq(z)| ≤
( |z|√
q
)1/2
exp
{
− log
2 |z|
4 log q
} ∞∑
k=0
qk
(q; q)k
≤
(
|z|√
q
)1/2
exp
{
− log2|z|4 log q
}
(q; q)∞
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or we have
(32) |Aq(z)| ≤
(
|z|√
q
)1/2
exp
{
− log2|z|4 log q
}
(q; q)∞
for any nonzero omplex number z.
Theorem 3.1. Assume that Aq(z) is Ramanujan funtion dened in (6), then, for
any omplex number z,
(33) |Aq(z)| ≤ eq|z|/(1−q),
and ,
(34) |Aq(z)| ≤
(
|z|√
q
)1/2
exp
{
− log2|z|4 log q
}
(q; q)∞
,
for any omplex number z 6= 0.
Remark 3.2. The trivial inequality (25) an be used to show that a basi hyper-
geometri series onverges to its hypergeometri series ounter-part under suitable
saling and onditions. Also, using (34) the formulas (16) and (24) ould be reast
into other forms.
4. Definite Integrals for Aq(z)
Put t = 12 in formula (64) of [16℄, we have√
(q; q)nwH(sinh ξn|q)
qn/2wH(sinhu|q) h˜n(sinh ξn|q) = Aq
(
u−2
)
+ rIM(35)
with
|rIM | ≤
4(−q3; q)∞Aq
(−|u|−2)
(q; q)2∞
(36)
×
(
qn/2 + qn
2/4|u|−2⌊n/2⌋−2
)
.
Theorem 4.1. Assuming that Aq(z) and wIM (x|q) are dened as in (7) and (10).
Then,
(37)
∫ ∞
0
A2q(u
−2)wIM (u|q)du = 2(q; q)∞.
Proof. For the orthonormal Ismail-Masson polynomials h˜n(x|q) satisfy
(38)
∫ ∞
−∞
{
h˜n(x|q)
}2
wIM (x|q)dx = 1.
Assume u > 0 and make the hange of variable
(39) x = sinh ξn =
q−n/2u− qn/2u−1
2
in (38), we have
(40)
∫ ∞
0
{
h˜n(sinh ξn|q)
}2
wIM (sinh ξn|q)(q−n/2 + qn/2u−2)du = 2,
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or
(41)∫ ∞
0
{√
(q; q)nwIM (sinh ξn|q)
qn/2wIM (sinhu|q) h˜n(sinh ξn|q)
}2 (
1 + qnu−2
)
wIM (sinhu|q)du = 2(q; q)n.
Thus we have
(42)
lim
n→∞
∫ ∞
0
{√
(q; q)nwIM (sinh ξn|q)
qn/2wIM (sinh u|q) h˜n(sinh ξn|q)
}2 (
1 + qnu−2
)
wIM (sinh u|q)du = 2(q; q)∞.
From (11), (14) and (16) we have
(43)
{√
(q; q)nwIM (sinh ξn|q)
qn/2wIM (sinhu|q)
∣∣∣h˜n(sinh ξn|q)∣∣∣
}2
≤ A2q(−u−2),
and from (34) and (10) we know that
(44) u−2wIM (sinhu|q)A2q(−u−2)
is bounded for 0 < u ≤ 1. From (33) we know that
(45) A2q(−u−2)
is bounded for u ≥ 1. Lebesgue dominated onvergene theorem allows us to take
limit inside the integral. We use (35) to get (37). 
Take t = 2 in the formula (69) of [16℄,
√
q−nwSW (q−2nu; q)
(q; q)nwSW (u; q)
s˜n(q
−2nu; q) =
{
Aq(u
−1) + rSW (n)
}
(q; q)∞
(46)
with
(47) |rSW (n)| ≤
2(−q3; q)∞Aq
(−|u|−1)
(q; q)∞
{
qn/2 +
qn
2/4
|u|1+⌊n/2⌋
}
.
Theorem 4.2. Assuming that Aq(z), and wSW (x; q) are dened as in (7) and
(18). Then we have
(48)
∫ ∞
0
A2q(u
−1)wSW (u; q)du = (q; q)∞.
Proof. From the orthogonality of Stieltjes-Wigert polynomials, we know that the
orthonormal polynomials s˜N(x; q) satisfy
(49)
∫ ∞
0
s˜2n(x; q)wSW (x; q)dx = 1.
Let us make a hange of variable
(50) x = q−2nu
in (49) with u > 0, then,
(51)
∫ ∞
0
[√
q−2nwSW (q−2nu; q)
(q; q)nwSW (u; q)
s˜n(q
−2nu; q)
]2
wSW (u; q)du =
1
(q; q)n
,
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therefore,
(52) lim
n→∞
∫ ∞
0
[√
q−2nwSW (q−2nu; q)
(q; q)nwSW (u; q)
s˜n(q
−2nu; q)
]2
wSW (u; q)du =
1
(q; q)∞
.
From (20), (22) and (24) we have{√
q−2nwSW (q−2nu; q)
(q; q)nwSW (u; q)
∣∣s˜n(q−2nu; q)∣∣
}2
≤ A
2
q(−u−1)
(q; q)2∞
,
and by (14) and (34)
A2q(−u−1)wSW (u; q)
is bounded for 0 < u ≤ 1, by (33),
A2q(−u−2)
is bounded for u ≥ 1. By Lebesgue dominated onvergene theorem we interhange
the orders of limit and integration, then apply (46) to get (48). 
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